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Abstract
We study uniqueness of positive solutions to the equation ∆gu + cnu =
cnu
n+2
n−2 on complete Riemannian manifolds. We apply the results to show
that conformal transformations on certain complete Riemannian manifolds of
constant negative scalar curvature are isometries. We also study uniqueness of
complete positive solutions and radial solutions.
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1. Introduction
In this paper we study uniqueness of positive solutions to the equation
(1.1) ∆gu+ cnu = cnu
n+2
n−2 ,
where cn = (n−2)/[4(n−1)] and ∆g is the Laplacian operator for a Riemannian man-
ifold (M, g) . Equation (1.1) arises as in the conformal deformation of a Riemannian
metric into constant negative scalar curvature. Let M be an open n-manifold with
n ≥ 3 . Bland and Kalka [4] show that there exists a complete Riemannian metric g
on M with scalar curvature equal to −1 . Let u be a positive smooth function on M .
If the conformal metric gc = u
4
n−2 g has constant scalar curvature equal to −1 , then u
satisfies equation (1.1). In this paper we study when a positive solution to equation
(1.1) is unique, that is, whether u ≡ 1 on M .
Let (M, go) be a complete non-compact Riemannian n-manifold with scalar
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1
curvature Rgo. Aviles and McOwen [2] study when there exists a positive smooth
function v on M such that the conformal metric g = v
4
n−2go has scalar curvature
equal to −1 . In this case v satisfies the equation
(1.2) ∆gov − cnRgov = cnv
n+2
n−2 ,
where Rgo is the scalar curvature of (M, go) . The question whether a positive solution
to equation (1.2) is unique is equivalent to the uniqueness of a positive solution to
equation (1.1). For if w is a smooth function on M which satisfies equation (1.2),
then u = w/v satisfies the equation (1.1). Therefore u ≡ 1 if and only if v ≡ w on
M .
Equation (1.1) is a semilinear elliptic equation involving the critical Sobolev
exponent. For open domains in IRn , semilinear elliptic equations which involve critical
Sobolev exponents are studied by Brezis and Nirenberg [5], Gidas, Ni and Nirenberg
[7], Peletier and Serrin [15], Ni and Serrin [14] and Zhang [19] [20]. In case M is a
compact manifold without boundary, the maximum principle implies that equation
(1.1) has only one positive solution u ≡ 1 . If M is an open manifold, then equation
(1.1) may have more than one positive solution. An example can be given on the
open unit ball on IRn with the hyperbolic metric. However if the solution is strictly
positive we have the following result.
Theorem A. For an integer n ≥ 3 , let (M, g) be a complete Riemannian n-manifold
with scalar curvature equal to −1 . Assume that the sectional curvature of (M, g) is
bounded from below and the injectivity radius of (M, g) is positive. If u ∈ C∞(M) is
a positive solution to equation (1.1) with infx∈M u(x) > 0 , then u ≡ 1 on M .
Theorem A has nice applications to conformal transformations. Let
F : (M, g)→ (M, g)
be a conformal transformation, where the scalar curvature of (M, g) is equal to −1 .
Let u = |F ′|n−22 , where |F ′| is the linear stretch factor. Then u satisfies equation
(1.1) [17]. Therefore uniqueness of positive solutions to (1.1) implies that F is an
isometry. Using theorem A we can prove the following result.
Theorem B. For an integer n ≥ 3 , let (M, g) be a complete non-compact Rieman-
nian n-manifold with constant negative scalar curvature. Assume that the sectional
curvature of (M, g) is bounded from below and the injectivity radius of (M, g) is pos-
itive. Then any conformal transformation F : (M, g)→ (M, g) is an isometry.
Kuiper [8] proves that any conformal transformation on a complete Einstein
manifold with negative scalar curvature is an isometry. Lafontaine [9] shows that any
2
conformal transformation of Sn× lHm (m ≥ 2) is an isometry. As a result of theorem
B, we can show that any conformal transformation of a locally symmetric space of
non-compact type with dimension bigger than two is an isometry.
The assumption that u is bounded away from zero may not be natural in the
general content. But there may have more than one positive solution to equation
(1.1) if we take away the assumption. For example, for any constant b ≥ 1 ,
ub(x) =
(
b (1− |x|2)
b2 − |x|2
)n−2
2
for x ∈ Bn
is a positive solution to equation (1.1) on the (scaled) hyperbolic space. A more
natural assumption is that the conformal metric gc = u
4
n−2 g is complete. We study
the uniqueness of a positive radial solutions to equation (1.1) under this assumption.
For an integer n ≥ 3 , let (r,Θ) be the polar coordinates on IRn , where r ≥ 0 and
Θ ∈ Sn−1 . We consider warped product metrics on IR+ × Sn−1. Let f be a smooth
function on [0,∞) with f(0) = 0 , f ′(0) = 1 and f > 0 on (0,∞) . The Riemannian
metric
(1.3) g = dr2 + f 2(r) dΘ2
is complete on IRn ∼= IR+ × Sn−1. The hyperbolic space is corresponding to
f(r) = sinh r for r ≥ 0 ,
while the Euclidean space with the standard metric is corresponding to f(r) = r for
all r ≥ 0 . Let u be a solution to equation (1.1) with g of the form (1.3) . We say that
u is a radial solution if u is a function of r only (independent on Θ).
Theorem C. Let u be a positive radial C2-solution to equation (1.1) on
(IRn , g = dr2 + f 2(r) dΘ2) .
Assume that limr→∞ f(r) =∞ and there exist positive constants Ro and C such that
|f ′(r)/f(r)| ≤ C for all r > Ro . If the conformal metric gc = u
4
n−2 g is complete, then
u ≡ 1 .
For a positive solution v to equation (1.1) that may not be radial, we show
that if there exists a δ > 0 such that v ≤ 1 − δ outside a compact set, then the
conformal metric gc = v
4
n−2g is not complete. We also show that if u is a positive
solution to equation (1.1) on the (scaled) hyperbolic space and u 6≡ 1 , then u < 1
everywhere.
3
2. Bounded Solutions
Throughout this paper we let (M, g) be a complete Riemannian n-manifold with
n ≥ 3 . Let Ricg be the Ricci curvature of (M, g) .
Lemma 2.1. Assume that Ricg ≥ −c2g on M for some positive constant c . Let
u ∈ C∞(M) be a positive solution to (1.1). If infx∈M u(x) > 0 and supx∈M u(x) <∞ ,
then u ≡ 1 on M .
Proof. Suppose that there exists a point xo ∈ M such that u(xo) > 1 . Then we have
1 < sup
x∈M
u(x) <∞ .
By the Omori-Yau maximum principle (c.f. [16]), there exists a sequence {xk}k∈IN
such that
lim
k→∞
u(xk) = sup
x∈M
u(x) , | ▽ u(xk)| ≤ 1
k
and
(2.2) ∆gu(xk) ≤ 1
k
.
As supx∈M u(x) > 1 , there exists a number ǫ > 0 and N ∈ IN such that
cn
(
u
n+2
n−2 (xk)− u(xk)
)
> ǫ for all k > N .
Therefore
∆gu(xk) = cn
(
u
n+2
n−2 (xk)− u(xk)
)
> ǫ for all k > N ,
which contradicts (2.2). Therefore u ≤ 1 on M . Suppose that there exists a point
yo ∈ M such that u(yo) < 1 . Let v = 1− u and a = infx∈M u(x) . We have 0 < a < 1.
Then 0 ≤ v ≤ 1 − a < 1 . By the Omori-Yau maximum principle, there exists a
sequence {yk}k∈IN such that
lim
k→∞
v(yk) = sup
y∈M
v(y) , | ▽ v(yk)| ≤ 1
k
and
(2.3) ∆gv(yk) ≤ 1
k
.
As 1 > supy∈M v(y) > 0 , there exists a number δ > 0 and N
′ ∈ IN such that
∆gv(yk) = cn
(
u(yk)− u
n+2
n−2 (yk)
)
> δ for all k > N ′ ,
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which contradicts (2.3). Hence u ≡ 1 on M . ⊓⊔
Theorem 2.4. Let (M, g) be a complete non-compact Riemannian manifold with
scalar curvature equal to −1 . Assume that the sectional curvature of (M, g) is bounded
from below and the injectivity radius of (M, g) is positive. Let u ∈ C∞(M) be a positive
solution to equation (1.1). If infx∈M u(x) > 0 , then u ≡ 1 on M .
Proof. By lemma 2.1 we just need to show that supx∈M u(x) < ∞ . Let io be the
injectivity radius of (M, g) . By the assumption of the theorem, io > 0 . Let x ∈ M
and χ ∈ C∞o (M) be a non-negative function which is zero outside Bx(io) . As in [2],
we multiple both sides of (1.1) by χnu and then integrate by parts, we obtain
(2.5) cn
∫
M
χnu
2n
n−2 dvg
≤ −
∫
M
χn| ▽ u|2 dvg − n
∫
M
uχn−1 (▽χ · ▽u) dvg + cn
∫
M
χnu2 dvg .
We have
−nuχn−1 (▽χ · ▽u) = −2
[
n
2
(χ)
n
2
−1u▽ χ
]
·
[
(χ)
n
2 ▽ u
]
≤ n
2
4
u2χn−2 | ▽ χ|2 + χn| ▽ u|2 ,
where the dot product and the norms are with respect to the Riemannian metric g .
From (2.5) we have
(2.6) cn
∫
M
χnu
2n
n−2 dvg ≤ n
2
4
∫
M
u2χn−2| ▽ χ|2 dvg + cn
∫
M
χnu2 dvg .
Using Young’s inequality we have
(2.7) u2χn−2 | ▽ χ|2 ≤ (n− 2)ǫ
n
u
2n
n−2 χn +
2ǫ−
n−2
2
n
| ▽ χ|n
and
(2.8) χnu2 ≤ (n− 2)ǫ
n
u
2n
n−2 χn +
2ǫ−
n−2
2
n
χn ,
where ǫ is a positive number. If we choose ǫ to be small, then there exists a positive
constant C(n) depending on n only such that
(2.9)
∫
M
χnu
2n
n−2 dvg ≤ C(n)
∫
M
(| ▽ χ|n + χn) dvg .
If we choose χ to be equal to one on Bx(io/2) and zero outside Bx(io), with | ▽ χ| ≤
10/io, we have ∫
Bx(
io
2
)
u
2n
n−2 dvg ≤ C(n, io) Vol Bx(io) .
5
As the sectional curvature is bounded from below and the scalar curvature is equal
to −1, the sectional curvature is bounded from above as well. We have Vol Bx(io) ≤
C(io), where C(io) is a positive constant depending on io and the upper bound for
sectional curvature only [6]. Thus∫
Bx(
io
2
)
u
2n
n−2 dvg ≤ C
and the positive constant C is independent on x and u .On (M, g) we have the Sobolev
inequality for compactly supported functions [1], and u is a positive smooth function
which satisfy
∆gu ≥ −cnu on M .
By using a result of Li-Schoen [13] and the De Giorgi-Nash-Moser regularity theory
as in [12], we conclude that u is bounded from above. ⊓⊔
3. Conformal Transformations
Theorem 3.1. Let (M, g) be a complete non-compact Riemannian manifold with
constant negative scalar curvature. Assume that the sectional curvature of (M, g)
is bounded from below and the injectivity radius of (M, g) is positive. Then any
conformal transformation F : (M, g)→ (M, g) is an isometry.
Proof. By a scaling we may assume that the scalar curvature is equal to −1 . Let
u = |F ′|n−22 , where |F ′| is defined by the equation
F ∗g (y) = |F ′(x)|2g(x) with y = F (x) .
Then u satisfies the equation (c.f. [17])
(3.2) ∆gu(x) + cnu(x) = cnu
n+2
n−2 (x) for all x ∈M .
By the proof of theorem 2.4, u is bounded from above. On the other hand
F−1 : (M, g)→ (M, g)
is also a conformal diffeomorphism and
(F−1)∗g(x) =
1
|F ′(x)|2(y) g(y) with x = F
−1(y) .
Thus 1/u also satisfies the equation
∆g
(
1
u(y)
)
+ cn
(
1
u(y)
)
= cn
(
1
u(y)
)n+2
n−2
for all y ∈M .
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By the proof of theorem 2.4, 1/u is bounded from above. Therefore u is bounded
away from zero. By lemma 2.1 we have u ≡ 1 on M . Therefore F is an isometry. ⊓⊔
Corollary 3.3. Let (M, g) be a complete Riemannian manifold with non-positive
sectional curvature and constant negative scalar curvature. Then any conformal trans-
formation F : (M, g)→ (M, g) is an isometry.
Proof. By a scaling we may assume that the scalar curvature is equal to −1 . Let
(M˜ , g˜) be the universal covering ofM with the pull-back metric g˜ . As the scalar cur-
vature of g˜ is equal to −1 and the sectional curvature is non-positive, therefore the
sectional curvature is bounded from below. Furthermore, by the Cartan-Hadamard
theorem [3], (M˜ , g˜) has infinite injectivity radius. By pulling back the conformal
transformation F to a conformal transformation F˜ : M˜ → M˜ and apply theorem 3.1,
F˜ is an isometry. Therefore F is also an isometry. ⊓⊔
It follows that a conformal transformation of a locally symmetric space of
non-compact type is an isometry.
4. Complete Solutions
We remark that without the assumption infx∈M u(x) > 0, equation (1.1) may have
more than one positive solution. For example, let n ≥ 3 be an integer and δij be the
standard Euclidean metric and
(4.1) hij(x) =
4n(n− 1)
(1− |x|2)2 δij for x ∈ B
n
be the (scaled) Poinca´re metric on the open unit ball Bn of IRn , scaled by the positive
number n(n−1) so that the scalar curvature of h is −1 . The (scaled) hyperbolic space
lHn = (Bn, h) is conformal to the standard Euclidean metric δij on B
n . Let v be a
positive smooth function and gc = v
4
n−2 g . For any smooth function u we have
(4.2) (∆g − cnRg)(uv) = v
n+2
n−2 (∆gc − cnRgc)u
(see, for example, [18]). Here Rg and Rgc are the scalar curvature of g and gc respec-
tively. It follows that if u is a positive solution to the equation
(∆gc − cnRgc)u = cnu
n+2
n−2 ,
then uv satisfies the equation
(∆g − cnRg)(uv) = cn(uv)
n+2
n−2 .
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In particular if gij = δij and
(4.3) v
4
n−2 (x) =
4n(n− 1)
(1− |x|2)2 for x ∈ B
n ,
and u is a solution to equation (1.1) on the (scaled) hyperbolic space, then
∆o(uv) = cn(uv)
n+2
n−2 on Bn ,
where ∆o is the Laplacian of the Euclidean space. Therefore any positive solution w
to the equation
(4.4) ∆ow = cnw
n+2
n−2
also provides a positive solution to equation (1.1) on the (scaled) hyperbolic space.
Let (r,Θ) be the polar coordinates on IRn , where r ≥ 0 and Θ ∈ Sn−1 . For a function
w that depends on r only, we have
∆ow(r) = w
′′(r) +
n− 1
r
w′(r) for r > 0 .
A calculation shows that equation (4.4) has positive solutions of the form
(4.5) wb(x) =
(4b2n(n− 1))n−24
(b2 − |x|2)n−22
for x ∈ Bn ,
where b ≥ 1 is a constant. Thus for any number b ≥ 1 ,
(4.6) ub(x) = w(x)v
−1(x) =
(
b (1− |x|2)
b2 − |x|2
)n−2
2
for x ∈ Bn
is a positive solution to equation (1.1) on the (scaled) hyperbolic space. We note that
if b > 1 , then ub < 1 and lim|x|→1 u(x) = 0 , and if b = 1 , then ub ≡ 1 on Bn . By
the proof of theorem 2.4, any positive solution u to equation (1.1) on the hyperbolic
space is bounded from above. Using the maximum principle as in lemma 2.1 we have
u ≤ 1 on the hyperbolic space.
A positive solution to equation (1.1) is called complete if the conformal met-
ric gc = u
4
n−2 g is a complete Riemannian metric on M . In this section we discuss
whether complete positive solutions to the equation (1.1) are unique. We note that
the solutions given in (4.6) on the (scaled) hyperbolic space are not complete unless
b = 1, that is, u ≡ 1 .
Proposition 4.7. Let (M, g) be a complete non-compact Riemannian manifold
with scalar curvature equal to −1 . Assume that the sectional curvature of (M, g) is
bounded from below and the injectivity radius of (M, g) is positive. Let u be a posi-
tive smooth solution to the equation (1.1). If the conformal metric gc = u
4
n−2 g is a
8
complete Riemannian metric with sectional curvature bounded from below and with
positive injectivity radius, then u ≡ 1 on M .
Proof. The Riemannian manifold (M, gc) has constant scalar curvature equal to −1 .
Then v = 1/u satisfies the equation
(4.8) ∆gcv + cnv = cnv
n+2
n−2 on M .
The proof of theorem 2.4 shows that v is bounded from above, that is, u is bounded
away from zero. Lemma 2.1 implies that u ≡ 1 on M . ⊓⊔
Let us consider positive radial solutions to equation (1.1). Let (r ,Θ) be polar
coordinates on IRn , where r ∈ [0,∞) and Θ ∈ Sn−1 . Let
g = dr2 + f 2(r) dΘ2
be a Riemannian metric on M , where f ∈ C∞[0,∞) is a positive function with
f(0) = 0 and f ′(0) = 1 . We note that g is a complete Riemannian metric on IRn .
The hyperbolic space is corresponding to f(r) = sinh r for all r ≥ 0 .
Theorem 4.9. Let u be a positive radial C2-solution to equation (1.1) on (IRn , g =
dr2 + f 2(r) dΘ2) , n ≥ 3. Assume that limr→∞ f(r) = ∞ and there exist positive
constants Ro and Co such that |f ′(r)/f(r)| ≤ Co for all r > Ro . If the conformal
metric gc = u
4
n−2 g is complete, then u ≡ 1 .
Proof. For the Riemannian metric g = dr2 + f 2(r) dΘ2 we have
(4.10) ∆g =
∂2
∂r2
+
(n− 1)f ′(r)
f(r)
∂
∂r
+
1
f 2(r)
∆Θ ,
where ∆Θ is the Laplacian for the standard unit sphere in IR
n , see, for example, [11].
If u = u(r) , then equation (1.1) becomes
(4.11) u′′(r) +
(n− 1)f ′(r)
f(r)
u′(r) = cn(u
n+2
n−2 (r)− u(r)) .
We consider the case that u(0) = 1 first. If there exists r′ > 0 such that u(r′) ≥ 1
and u′(r′) > 0 , then u′(r) > 0 for all r > r′ . Otherwise there exists a point r′′ > 0
such that u(r′′) > 1 , u′(r′′) = 0 and u′′(r′′) ≤ 0, but equation (4.11) shows that this
is not possible. Similarly if there is a point ro such that u(ro) ≤ 1 and u′(ro) < 0,
then u′(r) < 0 for all r ≥ ro . Hence if u 6≡ 1 , then either u(r) > 1 and u′(r) > 0 or
u(r) < 1 and u′(r) < 0 for all r > ro . Consider the first case. From equation (4.11)
we have
(4.12)
(fn−1u′)′
fn−1
= cn(u
n+2
n−2 − u) .
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Let χ ∈ C∞o ([0,∞)) be a cut-off function. Multipling both sides of equation (4.12)
by χnu and then using integration by parts we obtain
(4.13) cn
∫ ∞
0
χnu2 dr −
∫ ∞
0
(fn−1u′)
(
χnu
fn−1
)′
dr = cn
∫ ∞
0
χnu
2n
n−2 dr .
We have
(4.14) −(fnu′)
(
χnu
fn
)′
= −nχn−1uχ′u′ − χn|u′|2 + (n− 1)χnuu′f
′
f
.
Applying the Cauchy inequality we have
−nχn−1uχ′u′ = −2
(
n√
2
χ
n
2
−1uχ′
)(
1√
2
χ
n
2 u′
)
≤ n
2
2
χn−2u2|χ′|2 + 1
2
χn|u′|2 ,
(n−1)χnuu′f
′
f
= 2
(
n− 1√
2
χ
n
2 u
f ′
f
)(
(n− 1)2√
2
χ
n
2 u′
)
≤ (n− 1)
2
2
χn
(
f ′
f
)2
u2+
1
2
χn|u′|2 .
Together with (4.13) we obtain
cn
∫ ∞
0
χnu2 dr+
(n− 1)2
2
∫ ∞
0
(
f ′
f
)2
χnu2 dr+
n2
2
∫ ∞
0
χn−2u2|χ′|2 ≥ cn
∫ ∞
0
χnu
2n
n−2 dr .
Apply Young’s inequality as in (2.7) and (2.8) and using the bound |f ′/f | ≤ Co to
have
(4.15)
∫ ∞
0
χnu
2n
n−2 dr ≤ C ′
∫ ∞
0
(|χ′|n + χn) dr ,
where C ′ is a positive constant. Let χ ≡ 0 on [0, R] ∪ [R + 3,∞) with R > Ro and
χ ≡ 1 on [R + 1, R + 2] , χ ≥ 0 on [0,∞) and |χ′| ≤ 1
2
. From (4.15) we have
∫ R+2
R+1
u
2n
n−2 dr ≤ C ′′
for all R > Ro , where C
′′ is a constant independent on R . Therefore u is bounded
from above. As u′(r) > 0 for all r > 0 and u is bounded from above, we can find a
sequence {rk} and a positive constant ǫ > 0 such that u(rk) > 1 + ǫ for all k ∈ IN ,
limk→∞ u
′(rk) = 0 and u
′′(rk) ≤ 0 . But this contradicts equation (4.11). Thus we
must have u(r) < 1 and u′(r) < 0 for all r > ro . Assume that u(r) ≥ c for all
r > ∞ , where c ∈ (0, 1) is a constant. Then we can find a sequence {r′k} and a
positive constant δ > 0 such that u(r′k) > 1− δ for all k ∈ IN , limk→∞ u′(rk) = 0 and
u′′(rk) ≥ 0 . But this contradicts equation (4.11). Therefore limr→∞ u(r) = 0 . There
exist positive constants r′ > Ro and C > 0 such that for r ≥ r′ we have
(4.16) (fn−1u′)′(r) = cnf
n−1(r)(u
n+2
n−2 (r)− u(r)) ≤ −Cfn−1(r)u(r) .
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Integrating from r′ to r > R′ we have
fn−1(r)u′(r) ≤ fn−1(r′)u′(r′)− C
∫ r
r′
fn−1(s)u(s) ds ≤ −Cu(r)
∫ r
r′
fn−1(s) ds ,
as u′ ≤ 0 . Therefore
(4.17)
u′(r)
u(r)
≤ −C
∫ r
r′ f
n−1(s) ds
fn−1(r)
.
Using the bounded f ′/f < Co we have (f
n−1)′ ≤ Co(n−1)fn−1 . An integration gives
(4.18) fn−1(r)− fn−1(r′) ≤ Co(n− 1)
∫ r
r′
fn−1(s) ds .
As limr→∞ f(r) =∞, if r is large we have
1
2
fn−1(r) ≤ Co
∫ r
r′
fn−1(s) ds ,
that is,
(4.19)
∫ r
r′ f
n−1(s) ds
fn−1(r)
≥ c′
for all r large and for some positive constant c′ . The inequality (4.17) and (4.19) give
(4.20) u(r) ≤ C˜e−cr
for all r large enough, where C˜ is a positive constant. Thus the conformal metric
gc = u
4
n−2 g cannot be complete. Hence u ≡ 1 on [0,∞).
Assume that u(0) 6= 1 . If u is a C2-function on IRn which depends on r only,
then u′(0) = 0 . If u(0) > 1 , then equation (4.11) shows that there exists an ǫ > 0
such that u′′(r) > 0 for all r ∈ (0, ǫ) . Hence u′(ro) > 0 for ro small enough and hence
u′(r) > 0 for all r > ro . Similarly if u(0) < 1 , then u
′(r) < 0 for all r > r′o . In either
cases we can obtain contradiction as above. ⊓⊔
We have the following result for non-radial solutions.
Theorem 4.21. For an integer n ≥ 4 let g = dr2 + f 2(r) dΘ2 be a Riemannian
metric on IRn . Assume that limr→∞ f(r) = ∞ and there exist positive constants Ro
and Co such that |f ′(r)/f(r)| ≤ Co for all r > Ro . Let u be a positive smooth solution
to equation (1.1) on (IRn , g) . If there exist constants δ ∈ (0, 1) and ro > 0 such that
u(r,Θ) ≤ 1 − δ for r ≥ ro and Θ ∈ Sn−1 , then the conformal metric gc = u 4n−2g is
not complete.
Proof. In polar coordinates, using (4.10), equation (1.1) is given by
(4.22)
∂2u
∂r2
+
(n− 1)f ′(r)
f(r)
∂u
∂r
+
1
f 2(r)
∆Θu = cn(u
n+2
n−2 − u) ,
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where ∆Θ is the Laplacian for S
n−1 with the standard metric. For r ≥ ro, we have
u(r,Θ) ≤ 1− δ for some constant δ ∈ (0, 1). Therefore
(4.23) cn(u
n+2
n−2 − u) ≤ cn[(1− δ)
4
n−2 − 1]u = −ǫ u ,
where
ǫ = cn[1− (1− δ) 4n−2 ] > 0 .
For a fixed number r ≥ ro , we integrate equation (4.22) over Sn−1 with respect to
the standard measure on Sn−1 and use Green’s formula and (4.23) to obtain
(4.24)
d2
dr2
(∫
Sn−1
u dΘ
)
+
(n− 1)f ′(r)
f(r)
d
dr
(∫
Sn−1
u dΘ
)
≤ −ǫ
∫
Sn−1
u dΘ .
For r ≥ ro , let
U(r) =
∫
Sn−1
u(r,Θ) dΘ .
Then (4.24) can be written as
U ′′(r) +
(n− 1)f ′(r)
f(r)
U ′(r) ≤ −ǫ U(r) for r ≥ ro .
Therefore (
fn−1(r)U ′(r)
)′ ≤ −ǫ fn−1U(r) for r ≥ ro .
The argument in the proof of theorem 4.7 from (4.16) to (4.20) shows that there exist
positive constants C and c such that
(4.25) U(r) =
∫
Sn−1
u dΘ ≤ Ce−cr for r ≥ ro .
Assume that n ≥ 4 . We have
(4.26)
∫
Sn−1
u
2
n−2 dΘ ≤
(∫
Sn−1
u dΘ
) 2
n−2
ω
n−4
n−2
n ,
where ωn is the volume of the unit sphere in IR
n . Using (4.25) and (4.26) we have
(4.27)
∫ ∞
ro
∫
Sn−1
u
2
n−2 dΘdr <∞ .
We claim that there exists Θo ∈ Sn−1 such that∫ ∞
ro
u
2
n−2 (r,Θo)dr <∞ .
This means that the conformal metric u
4
n−2 (dr2 + f 2(r) dΘ2) is not complete. To
prove the claim, by (4.27) and Fubini’s theorem, there exists an positive integer C ′
such that for any positive integer N we have
∫ N
ro
∫
Sn−1
u
2
n−2 (r,Θ) dΘdr =
∫
Sn−1
(∫ N
ro
u
2
n−2 (r,Θ) dr
)
dΘ ≤ C ′ .
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For each integer N > ro, there exists a point ΘN ∈ Sn−1 such that
(4.28)
∫ N
ro
u
2
n−2 (r,ΘN)dr ≤ C
′
ωn
+ 1 .
A subsequence {ΘNi}i∈IN converges to a point Θo ∈ Sn−1 . If∫ ∞
ro
u
2
n−2 (r,Θo)dr =∞ ,
then there exists a positive integer N ′ such that
(4.29)
∫ N ′
ro
u
2
n−2 (r,Θo)dr >
C ′
ωn
+ 2 .
As the function
Θ→
∫ N ′
ro
u
2
n−2 (r,Θ)dr
is continuous, therefore in a neighborhood of Θo we have
(4.30)
∫ N ′
ro
u
2
n−2 (r,Θ)dr >
C ′
ωn
+
3
2
.
As limi→∞ΘNi = Θo and for all i such that Ni > N
′ , ΘNi satisfies (4.28) and hence∫ N ′
ro
u
2
n−2 (r,ΘNi)dr ≤
C ′
ωn
+ 1 .
This contradicts with (4.30). The proof of the claim is completed. ⊓⊔
Theorem 4.31. For an integer n ≥ 3 , let g = dr2 + f 2(r) dΘ2 be a Riemannian
metric on IRn . Assume that limr→∞ f(r) = ∞ and there exist positive constants Ro
and Co such that |f ′(r)/f(r)| ≤ Co and |f ′′(r)/f(r)| < Co for all r > Ro . Let u be a
positive smooth solution to equation (1.1) on (IRn , g) . If u ≤ 1 on IRn and u(0) < 1 ,
then there exist positive constants a and C such that u(r,Θ) ≤ 1−ae−Cr for all r ≥ 0 .
Proof. Let φ ∈ C∞(IRn) be a positive function such that u ≤ 1 − φ on Bo(ǫ) and
φ(r ,Θ) = ae−Cr for r ≥ ǫ and Θ ∈ Sn−1 , where ǫ is a small positive constant and a
and C are positive constants to be chosen later. Let Φ = u− (1− φ) . If there exists
a point (ro,Θo) ∈ IRn such that
Φ(ro,Θo) = δ > 0 ,
then sup Φ ≥ δ . As the solution u is bounded from above and the radial Ricci
curvature of g is given by −(n − 1)f ′′/f , which is bounded from below by the as-
sumption on f , the maximum principle (c.f. [16]) implies that there exists a sequence
{(rk ,Θk)}k∈IN such that
lim
k→∞
Φ(rk ,Θk) = supΦ ≥ δ , | ▽ Φ(rk ,Θk)| ≤ 1
k
13
and
∆gΦ(rk ,Θk) ≤ 1
k
.
If the sequence is bounded, then we may assume that
lim
k→∞
(rk ,Θk) = (r˜ , Θ˜) .
At (r˜ , Θ˜) we have
Φ(r˜ , Θ˜) = supΦ ≥ δ and ∆gΦ(r˜ , Θ˜) ≤ 0 .
The function s 7→ sn+2n−2 − s is increasing on [{(n− 2)/(n + 2)}n−24 ,∞) . If we choose
a to be small, then
(4.32) u(r˜ , Θ˜) ≥ 1− ae−Cr˜ ≥
(
n− 2
n + 2
)n−2
4
.
Using (4.10) to compute ∆gφ and (4.32), we have
(4.33) ∆gΦ(r˜ , Θ˜) = cn(u
n+2
n−2 − u) + ∆gφ
≥ cn
[
(1− ae−Cr˜)n+2n−2 − (1− ae−Cr˜)
]
+C2ae−Cr˜ − (n− 1)f
′(r˜)
f(r˜)
Cae−Cr˜ .
As f ′/f is bounded outside Bo(ǫ), if we choose C to be large enough, then there exists
a positive constant c that depends on C and n only, such that
(4.34) cn
[
(1− ae−Cr˜)n+2n−2 − (1− ae−Cr˜)
]
+ C2ae−Cr˜ − (n− 1)f
′(r˜)
f(r˜)
Cae−Cr˜ ≥ c .
This contradicts that ∆gΦ(r˜ , Θ˜) ≤ 0 . Therefore we may assume that rk → ∞ as
k →∞ . Then
lim
k→∞
Φ(rk ,Θk) ≥ δ ,
which implies that u(rk ,Θk) ≥ 1 + δ − ae−Crk ≥ 1 + δ/2 > 1 for k large. This
contradicts with the assumption that u ≤ 1 on IRn . ⊓⊔
Corollary 4.35. Let u be a positive solution to equation (1.1) on the (scaled)
hyperbolic space. If u 6≡ 1 , then u < 1 on Bn .
Proof. We know that u ≤ 1 . Assume that there is a point xo ∈ Bn such that
u(xo) < 1 . Using an isometry we may assume that xo = 0 . The (scaled) hyperbolic
metric (4.1) is corresponding to a metric g = dr2 + f 2(r) dΘ2 with
f(r) =
√
n(n− 1) sinh r√
n(n− 1)
.
We may apply theorem 4.31 to complete the proof. ⊓⊔
14
References
[1] T. Aubin, Proble´mes isope´rme´triques et espaces de Sobolev, J. Diff. Geom. 11
(1976), 573-598.
[2] P. Aviles & R. McOwen, Conformal deformation to constant negative scalar
curvature on noncompact Riemannian manifolds, J. Diff. Geom. 27 (1988), 225-
239.
[3] W. Ballmann, M. Gromov & V. Schroeder, Manifolds of nonpositive curvature,
Birkha¨user, Boston-Basel-Berlin, 1985.
[4] J. Bland & M. Kalka, Negative scalar curvature metrics on non-compact mani-
folds, Trans. A.M.S. 303 (1989), 433-446.
[5] H. Brezis & L. Nirenberg, Positive solutions of nonlinear elliptic equations in-
volving critical Sobolev exponents, Comm. Pure Appl. Math. 36 (1983), 437-477.
[6] S. Gallot, D. Hulin & J. Lafontaine, Riemannian Geometry, Springer-Verlag,
Berlin-Heidelberg-New York, 1987.
[7] B. Gidas, W.-M. Ni & L. Nirenberg, Symmetry and related properties via the
maximum principle, Comm. Math. Phys. 68 (1979), 209-243.
[8] N. Kuiper, Einstein spaces and connections, II, Indagationes Math. 12 (1950),
513-521.
[9] J. Lafontaine, The theorem of Lelong-Ferrand and Obata, in Conformal Geome-
try, R. Kulkarni, U. Pinkall (Eds.), Friedr. Vieweg & Sohn, Braunschweig, 1988,
pp. 93-103.
[10] M.-C. Leung, Conformal scalar curvature equations on complete manifolds,
Comm. Partial Diff. Eqns. 20 (1995), 367-417.
[11] M.-C. Leung, Conformal deformation of warped products and scalar curvature
functions on open manifolds , Preprint.
[12] P. Li, Lecture notes on geometric analysis, Lecture Notes Series, 6, Seoul National
University, Research Institute of Mathematics, Global Analysis Research Center,
Seoul, 1993.
[13] P. Li & R. Schoen, Lp and mean value properties of subharmonic functions on
Riemannian manifolds, Acta Math. 153 (1984), 279-301.
[14] W.-M. Ni & J. Serrin, Existence and nonexistence theorems for ground states
for quasilinear partial differential equations, Accad. Naz. dei Lincei 77 (1986),
231-257.
15
[15] L. Peletier & J. Serrin, Uniqueness of positive solutions of semilinear equations
in IRn , Arch. Rational Mech. Anal. 81 (1983), 181-197.
[16] A. Ratto, M. Rigoli & G. Setti, On the Omori-Yau maximum principle and its
applications to differential equations and geometry, J. Functional Analysis 134
(1995), 486-510.
[17] R. Schoen, On the conformal and CR automorphism groups, GAFA 5 (1995),
464-481.
[18] R. Schoen & S.-T. Yau, Lectures on Differential Geometry, International Press,
Boston, 1994.
[19] L. Zhang, Uniqueness of positive solutions of ∆u + u + up = 0 in a finite ball,
Comm. Partial Diff. Eqns. 17 (1992), 1141-1164.
[20] L. Zhang, Uniqueness of positive solutions of semilinear elliptic equations, J.
Diff. Eqns. 115 (1995), 1-23.
16
